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Why talk about laminar flames since we 
are interested in turbulent combustion ?
Because: 
- certain things do not change when the flame 
becomes turbulent: thermochemistry, for example. 
The temperature of burnt gases is the same for 
laminar and turbulent flames
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Why talk about laminar flames since we 
are interested in turbulent combustion ?
Because: 
- flamelet models: we hope 
(expect... believe...) that a 
turbulent flame is close to a 
collection of small laminar 
flames called ‘flamelets’ 
- knowing how a laminar flame 
reacts to strain or curvature 
will help us for turbulent 
combustion models 
- we do what we can… 

4DNS of H2/air flames M. Baum PhD thesis CERFACS



Why this might be misleading ?

We do see multiple examples where turbulent flames 
are very different from laminar flames. 

Deciding how species are transported in turbulent 
flames is one example: the issue of Lewis number
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Molecular transport vs turbulent transport

In laminar flames, species are transported by molecular 
processes (collisions between molecules): small species 
(H2) diffuse faster than big ones (CO2, CxHy). 
In turbulent flows, species are transported by eddies 
which carry all species at the same speed. 
In turbulent flames, which model should we use for 
diffusion ?:  
❚  a molecular one with different diffusion speeds or 
❚  a turbulent one with equal speeds, controlled by 

the turbulent velocity ?
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We are discussing gaseous combustion in 
a mixture of perfect gases containing N 
species indexed with k=1 to N:

Ch. 1



CAREFUL INTUITIVE



STOECHIOMETRY AND 
EQUIVALENCE RATIO:
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Stoechiometric ratio

Equivalence ratio

Ch. 1



HOME WORK FOR BEGINNERS

❚ WHAT ARE THE MASS FRACTIONS IN A FUEL/AIR 
MIXTURE WHERE  THE EQUIVALENCE RATIO IS 
IMPOSED: 

❚ AIR IS ONE MOLE OF O2 FOR 3.76 MOLES OF N2:
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YN2 = 3.76
WN2

WO2

YO2



FUEL / AIR COMBUSTION COMPOSITION 
AT EQUIVALENCE RATIO
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�

With air, combustible mixtures contain typically more than 90 % of... 
air ! This will be useful for theory: a combustible mixture will essentially 
have the same properties (density, viscosity, conductivity) as pure air.



In a combustion code:
❚ In a non reacting compressible flow (aerodynamics 

around an aircraft), we have 5 variables: 
❙ 3 velocities 
❙ pressure or temperature or enthalpy or entropy 
❙ density 

❚ In combustion, we have 5 + (N-1) unknown 3D fields to 
determine: 
❙ 3 velocities 
❙ pressure or temperature or enthalpy or entropy 
❙ N species -> actually N-1 since their sum is unity 
❙ density 

❚ We need 5 + (N-1) equations: 
❙ Momentum (3) 
❙ Energy, or enthalpy or entropy or temperature 
❙ Continuity for each species (or for N-1 species + total mass)

!13



Continuity equations (N):
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for k = 1 to N

Summing them from 1 to N MUST give the continuity equation:

So that we need:

=0



Vk = �Dk
rXk
Xk

Diffusion velocities: careful...  
(Williams 1985 or Ern and Giovangigli 1994)
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❚ The Vk’s are obtained by solving this system: 

❚ This is the diffusion matrix which must be inverted at each 
point at each instant... but almost no one does it. We use 
simplified forms:

Vk = �Dk
rYk
Yk

❚ FICK’s law ❚ HIRSCHFELDER’s law 

Ch. 1 Sec 1.1.4



What are the Dk’s?

❚ The diffusion coefficients of species k in the MIXTURE 
❚ Not the binary diffusion coefficients Djk of kinetic gas theory 
❚ Obtained by: 

❚ All Dk’s are different in general... 
❚ Dk’s vary significantly BUT their ratios to thermal diffusivity 

Dth vary much less. The Dk’s can be obtained from the heat 
diffusivity and the Lewis number of each species:
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Lewis numbers are not intrinsic parameters 
of a species. They depend on the mixture:
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Lewis numbers of main species in a 
stoechiometric CH4/air premixed flame
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The need for correction velocities if 
Lewis numbers are different:
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Summing the species equations with Fick’s law:

The Dk’s are not equal if Lek differ

which is not zero if all Lewis numbers are not equal.



A correction velocity Vc is required:
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Replace:

By:

Adding all species equations gives:
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 Vc can be chosen to ensure mass conservation:

and the proper expression of the diffusion velocity is:

Conclusion: careful of codes using simplified expressions 
for diffusion velocities with non-equal Lewis numbers.



Momentum equations (3)

!21

Same form in non-reacting flows. Except that: 
- density here has very strong gradients 
- viscosity changes rapidly with temperature

Ch. 1 Sec 1.1.2

CHANGES LIKE T



Last but not least: energy

❚ Each code uses a different form for energy, enthalpy or 
temperature 

❚ All forms of course are equivalent  (should be...) 

❚ The trick is not to confuse them and beware of simplified 
forms taken from one code to another..  

❚ Compressible vs incompressible is one source of 
confusion. ‘Total’ versus other forms of energy is 
another one 

❚ Full summary in PV2011 Chapter 1

!22

Ch. 1, Sec. 1.1.5



hm
k hk hk =

hm
k

Wk

USUAL SOURCE OF PROBLEMS: 
MOLAR VS MASS
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❚ ALL ENERGIES/ENTHALPIES ARE DEFINED:

❚   PER MOLE              OR         PER UNIT MASS 

❚ CODES USE... BOTH. 
❚ MOST 0D AND 1D FLAME CODES WORK WITH MOLAR 

QUANTITIES.  
❚ MOST 3D CODES USE MASS QUANTITIES



DEFINITION OF ENERGY (IES)
❚ FOR SPECIES k:
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TABULATED

h =
NX

k=1

Ykhk❚ FOR THE MIXTURE:

Ch. 1 Sec 1.1.5



FORMATION ENTHALPIES:
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Mass heat capacities:

!27 The aerodynamicists value

Cpk =
Cm

pk

Wk

Ch. 1 Sec 1.1.5



DO WE REALLY NEED TO ACCOUNT 
FOR VARIABLE HEAT CAPACITIES ?:
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❚ In most codes we have to. CHEMKIN, CANTERA, 
COSILAB, most 3D codes use tables or polynomes to 
account for the changes of heat capacities with 
temperature 

❚ For theory, we usually dont because it makes analytical 
resolutions almost impossible and does not change the 
major conclusions of analytical studies 

❚ What happens if we assume constant Cp ? 
❙ Adiabat ic f lame temperatures are overpredicted or 

underpredicted depending on which Cp value we take: 300 K 
❙ Pollutant levels are very wrong: 5000 %… 
❙ The rest of the physics (stretch effects, heat losses, ignition) is 

unchanged



ADIABATIC FLAME TEMPERATURES:

!29



EQUATIONS AND VARIABLES NEEDED 
FOR A CFD COMBUSTION CODE

❚ VARIABLES (5 + N-1): Density, U, V, W, ENERGY , Partial 
density of the N-1 species 

❚ WE HAVE DERIVED ALL EQUATIONS (CONTINUITY, 
MOMENTUM, SPECIES) EXCEPT ONE FOR ENERGY 

❚ NOW: LET US LOOK AT ENERGY (WHICH CAN ALSO BE 
ENTHALPY, ENTROPY, PRESSURE, TEMPERATURE: 
ANY OF THEM WOULD WORK)
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CpT

CpT +
1

2
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ENTHALPIES:
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❚ Non reacting flows: 

❙ Enthalpy 

❙ Total enthalpy

❚ Combustion 
❚ Enthalpy (sensible)

❚ Enthalpy sensible + formation

❚ Total enthalpy including heat of 
formation and kinetic energy

❚ Total enthalpy including kinetic 
energy but no heat of formation



Energy: 4 forms. 
Enthalpy: 4 forms + one (T)
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Cpk depends on temperature so that Cp depends both on temperature 
(through the Cpk’s) and on composition (the Yk’s)

Ch. 1, Sec. 1.1.5

e = h� p

⇢
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careful with the heat flux. It is not:

but is also includes the flux transported by species diffusion:

❚ Good starting point: total energy et



Pick up the right one... Volume sources
Volume forces



The heat release and the reaction 
rates of species

❚ There are N reaction rates        in the species equations 
(one for each species) 

❚ But only one heat release term:
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!̇T = �
NX

k=1

!̇k�H0
fk

!̇k



Many authors also like to work with the 
temperature equation.  
If pressure is constant: 

Careful with this new ‘heat release’

!36



Two ‘reaction rate’ terms: same name 
in the literature but NOT equal 

!37
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!̇T = !̇0
T

hsk =

Z
CpkdT =

Z
CpdT = hk

⌃N
k=1hsk!̇k = hk⌃

N
k=1!̇k = 0

If the Cp,k s are equal:
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Cp,k = Cp

so that 
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NX

k=1

Cp,kYkVk,i = Cp

NX

k=1

YkVk,i = 0

And if the Cp,k s are equal:
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Cp,k = Cp

so that the temperature equation: 

becomes: 



SUMMARY:

❚ We have the basic equations: we could stop here… if 
these equations were simple to solve. But they are not ! 

❚ We are going to have difficulties with: 
❙ Kinetics 
❙ Turbulence 
❙ Very large domains 

❚ We are going to need models. Better: we are going to 
need understanding...otherwise the work is impossible  

❚ To do this we need to study a few academic (canonical) 
cases even if it means simplifying things a little bit.

!40



So... canonical cases are needed to 
understand the basic flame features:

❚ The premixed laminar flame 

❚ The laminar diffusion flame

!41

Ch. 2

Ch. 3
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PREMIXED LAMINAR FLAME

❚ Under certain assumptions, an explicit resolution of the 
previous equations is possible 

❚ This is the case for the 1D premixed laminar flame:

!43

Ch. 2

COLD BURNT

❚ Flame moves at a constant speed called the laminar flame 
speed         - > this helps: 
❚ In a reference frame moving with the flame, the flow is 

steady.  
❚ In this reference frame, the flow enters the domain at the 

flame speed

s0L
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COLD BURNT

IN THE REFRENCE FRAME OF THE FLAME:

u = s0L



A one-dimensional steady problem in 
the reference frame of the flame

!45

No momentum equation needed: we need it only to find pressure changes 
This equation can be solved for a large number of species numerically 
(CHEMKIN, COSILAB, CANTERA, FLAME MASTER)

Ch. 2, Sec 2.3



!46
But doing so does not tell us much. Let us keep simplifying

Exampel of CHEMKIN 
computation for H2/O2 
flame.



Additional assumptions

❚ Instead of N mass fractions, we can track one only: Yf. We 
assume that Yo=ct and do not need to compute Yo

!47

Ch. 2 Sec 2.4

❚ Suppose we have a single reaction in a lean flame. General 
expression for fuel reaction rate

Almost constant in a lean flame

!̇F = AYFYOe
�Ta

T

!̇F = A0YF e
�Ta

T



Additional assumptions
❚ All Lewis numbers equal to unity 

❚ Can solve this by hand ! -> famous field for mathematicians/
combustion experts (Williams, Clavin, Linan, Matalon)

!48

Ch. 2 Sec 2.4



BURNT GAS TEMPERATURE AND 
FUEL MASS FRACTION

!49

COLD BURNT
Cp(T2 � T1) = QY 1

F
u1, T1, Y

1
F u2, T2, Y

2
F = 0



Changing variables: 

Instead of YF and T, use scaled 
variables:

!50!50

Boundary 
conditions: 

✓
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Using only one progress variable
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Solution:

❚ If Lewis = 1 temperature and fuel mass fractions are 
directly linked. No need to solve for both of them ! 

❚ In terms of physics: simple interpretation. Chemical 
enthalpy + sensible enthalpy = constant 

❚ We are left with only one variable to solve for: the 
reduced temperature (also called the progress variable)

!52

✓ + Y = 1 Ch 2 used in Ch. 4, 5, 6



Master equation for laminar 
premixed flames:
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This is where asymptotics enter the 
field. Not the topic of present lectures: 
see Williams, Clavin, Matalon. 

Let us summarize the results.

!̇T



Asymptotics show that the flame is 
dominated by a strongly non linear 
reaction rate: 
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!̇T



❚ The laminar flame can be decomposed in two zones: a 
preheating region and a reaction zone

!55

Preheating

Reaction

!̇T



Reflame =
�s0L
⌫

= 1

❚ has a thickness given by 

❚ or  

❚ The Reynolds number of the flame is unity:
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❚ has a flame speed which depends on the form assumed for 
reaction rate and molecular diffusion: 

❚ You can find the results in TNC 2011 and the derivations in 
asymptotic papers but let us focus on an important result: 

!57

Ch. 2 Sec 2.4.5



In all premixed flame speed expressions:
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Heat diffusivity Kinetics constant

❚ Multiply the kinetics constant by 4 : it will increase the flame 
speed by two 

❚ Without heat (or species) diffusivity… no premixed flame 

❚ Flame propagation is the combination of both diffusion and 
reaction

Ch. 2 Sec 2.4.6



T(t2)

COMBUSTION WITH Rr 

How diffusion and reaction combine:
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T(to)

DIFFUSION WITH Dth 

THESE GASES ARE WARM 
ENOUGH TO REACT

T(t1)



A useful feature of premixed flames:
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Heat diffusivity Kinetics constant

❚ Divide the kinetics constant by a factor F>1 and multiply 
the diffusivity by F. You will get the same flame speed. 

❚ But the thickness will be larger by a factor F:

� =
D1

th

sL
� =

FD1
th

sL

Ch. 5 Sec 5.4.3



A useful property in codes: thicken the 
flame (O’Rourke and Bracco JCP 1979+ CERFACS 90s)
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Same flame speeds with both equations !
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In a numerical world where we fight with 
resolution... this can help !
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Much easier



For heat release: it is much easier 
when the flame is thick...
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FLAME SPEED OR FLAME SPEEDS ?

❚ There are many flame speeds: 

❙ Absolute speed  

❙ Displacement speed           (here we use only the speed vs fresh gas) 

❙ Consumption speed  

!64

Ch. 2.7

sc

sd

sa



SPEEDS ARE .. VECTORS !
❚ At each point in the flow: 

❙ The flow moves with a speed 

❙ The flame moves with a speed 

❙ A good flame speed should measure the relative velocity of the 
flame compared to the flow 
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~u

~w

~u~w

~w � ~u



sd = (~w � ~u).~n

sa = ~w.~n

BUT THE SPEED OF A SURFACE IS 
NOT A ‘STANDARD’ SPEED

❚ ONLY THE DISPLACEMENT OF THE FRONT NORMAL TO 
ITSELF IS IMPORTANT: 

❚ USE FLAME NORMAL POINTING TOWARDS FRESH GAS:
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~u~w

~w � ~u
~n = � r✓

|r✓|



~n = � r✓

|r✓|
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An iso theta line follows:

THE ABSOLUTE FLAME SPEED sa

sa = ~w.~n

EASY TO MEASURE EXPERIMENTALLY
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An iso theta line follows:

THE DISPLACEMENT FLAME SPEED sd

DIFFICULT TO MEASURE EXPERIMENTALLY



DISPLACEMENT AND ABSOLUTE 
SPEEDS DEPEND ON WHERE THEY ARE 
MEASURED:
❚ Front speeds are usually defined as the speed of an 

iso-‘something’ (temperature, species, etc) 
❚ This velocity varies strongly with the choice of the isolevel 

chosen to define it because the flow velocity varies strongly 
through the flame front  

❚ All problems come from the fact that density changes through 
the flame. A constant density flame is much easier to study
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~u~w



MEASUREMENTS OF 
DISPLACEMENT SPEEDS:

❚ Direct measurement of displacement speeds in 
experiments are difficult and recent: need PIV to have 
the flow velocity and tomography to have the front 
velocity. Noisy and delicate. In most cases, displacement 
speed measurements require assumptions. 

❚ In simulations it is somewhat easier:

!70
❚ This is the RHS of the equations of temperature



u1 = s0L

sc

!71

THE CONSUMPTION FLAME SPEED
DEFINED FROM THE INTEGRAL OF THE REACTION RATE 
USING THE FLAME REFERENCE FRAME:

s0L
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F = 0
u1 = sc
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INTEGRATE ALONG x FROM STATE 1 (fresh) TO STATE 2 (burnt):

s0L

for lean flames

INDEPENDENT OF THE FRAME OF REFERENCE



⇢1scYF1 = �
Z

!̇F dx

CONSUMPTION SPEED: MEASURING 
THE INTEGRATED REACTION RATE
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Flux of fuel entering a 
unit area of flame

Fuel burnt in the flame 
front per unit area



⇢1scYF1

⇢1sc

⇢1scYCO2

CONSUMPTION SPEED: VIEW THE FLAME 
AS A MEMBRANE WITH IMPOSED FLUX
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Flux of fuel per unit area of flame: 

Total flux of mass per unit area: 

Total flux of CO2 leaving  the flame:

⇢1sc



(sc⇢1Y
0
F )⌃

MULTIDIMENSIONAL EXTENSION:

❚ IF A FLAME HAS A TOTAL SURFACE         (WHATEVER 
ITS SHAPE IS) 

❚ AND THE MEAN CONSUMPTION SPEED ALONG THE 
SURFACE IS 

❚ THE TOTAL FUEL CONSUMPTION RATE IS KNOWN:
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⌃

sc

(BASELINE EQUATION FOR FLAMELET MODELS)



DIFFERENT CONCEPTS:

❚ THE CONSUMPTION SPEED IS AN INTEGRATED VALUE 
ALONG THE FLAME NORMAL. IT CAN CHANGE ALONG 
THE FLAME SURFACE BUT DOES NOT DEPEND ON THE 
POSITION NORMAL TO THE FLAME FRONT 

❚ THE DISPLACEMENT AND ABSOLUTE SPEEDS 
CHANGE ALONG THE FLAME SURFACE BUT ALSO 
DEPEND ON THE VALUE OF THE ISOCONTOUR WHERE 
THE MOVEMENT IS MEASURED. 
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DEPENDENCE OF SPEEDS WITH SPACE

!77

One sc for each location 
on the surface

Multiple sd’s for each 
location on the surface 
(one per isolevel)



DISCUSSION ON FLAME SPEEDS

❚ In a flame which keeps a constant thickness, we expect the 
absolute flame speeds of all isocontours to be the same.
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300 K     2300 K
❚ Therefore since the FLOW speed changes significantly 

through the flame front, the displacement speed will depend 
strongly on the isocontour where it is measured. Big source 
of problems



u1 = s0L

u1 = 0

u1 = 2.5s0L

FOR PLANAR UNSTRETCHED FLAMES:
❚ Displacement and consumption speeds are 

equal. The absolute speed depends on the 
configuration. Let us study four cases: 

❙ Flame in a fixed frame of reference propagating 
towards a wall 

❙ Flame in its own frame of reference 

❙ Flame in a frame of reference where the inlet 
speed is equal to 2.5 the flame speed 

❙ Frame propagating away from a wall

!79

u2 = 0FOR ALL THESE FLAMES, THE CONSUMPTION 
SPEED IS THE SAME AND EQUAL TO THE 
UNSTRETCHED LAMINAR FLAME SPEED 



1/ IN A FIXED FRAME OF REFERENCE: 
A FLAME GOING TOWARDS A WALL
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WALL     FRESH GAS               BURNT GAS

x

x=xfu1 = 0
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WALL     FRESH GAS               BURNT GAS
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u = 0
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WALL     FRESH GAS               BURNT GAS

x
x=xfx=0

WHAT IS THE FLOW SPEED ?

x=xb

M = ⇢1xf + ⇢2(xb � xf )
dM

dt
= ⇢2u

u(xb) = (
⇢1

⇢2
� 1)sc

dxf

dt

= �sc

For any position in the burnt gas xb:
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⇢

� 1)sc =
⇢1
⇢
sc
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WALL     FRESH GAS               BURNT GAS

x

Displacement (in the fresh gas), absolute and consumption 
speeds are equal. This is the only case where this is true

Unstretched laminar flame speedsd(✓ = 0) = sa = sc = s0L



SPEEDS IN A FLAME PROPAGATING 
TOWARDS A WALL

!84

⇢1
⇢2

=
T2

T1
= 7

Note the very large variations of the displacement speed 
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sa =
dxf

dt

= 0
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FRESH GAS               BURNT GAS

x

The absolute speed is zero

2/ A FIXED FLAME (IN ITS FRAME OF REF.)

u1 = s0L



u = s0L

⇢1s
0
L = ⇢u u =

⇢1
⇢
s0L
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    FRESH GAS               BURNT GAS

x
x=xfx=0

WHAT IS THE FLOW SPEED ?

x=xb

For any position in the burnt gas xb:



u = s0L

sd = sa � ~u.~n = 0� ⇢1
⇢
sc(�1) =

⇢1
⇢
sc
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    FRESH GAS               BURNT GAS

x
x=xfx=0

WHAT IS THE DISPLACEMENT SPEED ?

x=xb



SPEEDS IN A FIXED FLAME:
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u1 = 2.5s0L

3/ A PLANAR PREMIXED FLAME WHERE THE INLET SPEED IS 
2.5 TIMES THE FLAME SPEED:
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sa = s0L � 2.5s0L = �1.5s0L



u = 0

sc = s0L

4/ A PLANAR PREMIXED FLAME PROPAGATING AWAY FROM A 
WALL

!90

Burnt gas cant move

The consumption speed is still the same

x
x=xfx=0 x=xb



MCO2 = xf⇢2YCO2

dMCO2

dt
= ⇢1YCO2sc

dxf

dt

=
⇢1

⇢2
sc
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What is the displacement speed ?

x
x=xfx=0 x=xb

The flame ‘moves’ much faster than the flame speed.  
It is propelled by dilatation.



dM

dt
= ⇢1u

M = xf⇢1 + (xb � xf )⇢2

u = (1� ⇢2
⇢1

)sc
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What is the flow speed in fresh gas ?

x
x=xfx=0 x=xb

The flame pushes away the fresh gases



SPEEDS IN A FLAME PROPAGATING 
AWAY FROM A WALL
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FLAME MOVES MUCH FASTER

FRESH GASES ARE ACCELERATED



POSSIBLE ‘COMPLICATIONS’
❚ FRESH GASES FAR AWAY FROM THE FLAME FRONT ARE 

ACCELERATED (BLAST EFFECT) 
❚ IF THERE ARE OBSTACLES IN THIS REGION, THIS 

ACCELERATION CAN CREATE VORTICES, MAKE THE FLOW 
TURBULENT 

❚ THIS WILL ALLOW THE FLAME TO ACCELERATE TOO WHEN 
IT WILL REACH THESE ZONES: SELF ACCELERATION OF 
THE FLAME BECAUSE IT CREATES ITS OWN TURBULENCE.  

❚ THE FLAME MAY BECOME FASTER THAN THE SOUND 
SPEED 

❚ A FLAME WHICH STARTS AT 30 cm/s CAN END UP AS A 
DETONATION AT 1600 m/s

!94



IMPLICATIONS FOR SAFETY
❚ DONT IGNITE FLAMES AT THE END OF A CLOSED TUBE. 

FRESH GASES ARE PUSHED AWAY, CAN BECOME 
TURBULENT, ACCELERATE THE FLAME -> DETONATION

!95

❚ IF POSSIBLE, LET BURNT GASES ESCAPE AND THE FLAME 
GO TO THE WALL..

WALL

WALL



OTHERWISE:
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GENERALLY

❚ THE ABSOLUTE SPEED HAS NO GENERIC VALUE: IT 
DEPENDS ON THE FRAME OF REFERENCE 

❚ THE CONSUMPTION AND DISPLACEMENT SPEEDS ARE 
DIFFERENT 

❚ THE DISPLACEMENT SPEED IS DIFFICULT TO USE 

❚ THE CONSUMPTION SPEED HAS A SIMPLE 
INTERPRETATION AND IS THE USEFUL QUANTITY TO 
USE FOR TURBULENT COMBUSTION MODELS: IT 
MEASURES THE REACTION RATE PER UNIT SURFACE

!97



A few examples of more complicated 
laminar premixed flame speeds:

❚ The oblique flame and the stagnation point flame: flames 
which dont move 

❚ The flame tip 

❚ Flame cusps 

❚ Spherical flame

!98



~w.~n = 0

~n

FLAMES WHICH DO NOT MOVE

❚ Oblique premixed flame

!99

~u
~w

❚ This flame does not move. It does not mean: ~w = ~0

❚ It only means that: 



~w.~n = 0

~n

↵

~n = (�sin(↵), cos(↵))

~w = ~u+ sd~n

~u.~n = �sd

~u = (U, 0)

sin(↵) = sd/U

FLAME ANGLE:
❚ Oblique premixed flame

!100

~w



@u

x

@x

6= 0

STAGNATION POINT FLAME

❚ The flame does not move: 
❚ Particles do move along the flame front: 

❚ Particles get separated: the flame is stretched 

!101

~w.~n = 0
~u.~n 6= 0

x



sd = u = 10s0L

THE EXAMPLE OF THE FLAME TIP

!102

The flow speed on the axis is 10 times larger than the flame speed.  
The displacement speed at the tip is equal to the flow speed
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DNS of the flame tip for a flame with Lewis=1 (Poinsot, Echekki and 
Mungal, Comb. Sci. Tech, 1992, 81): streamlines and contours of reaction 
rate. 

The consumption speed is the same along the flame front 

It is equal to the laminar flame speed:

sc = s0L



The variations of flame speeds:
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Speed/Unstretched laminar 
flame speed

0 1

CONSUMPTION SPEED

0 1

DISPLACEMENT  SPEED

Very large valuesNegative values

Speed/Unstretched laminar 
flame speed



LARGE VALUES OF DISPLACEMENT 
SPEED: FLAME CUSPS
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Burnt

Fresh

This point can move VERY FAST 

It will also be a problem for numerical 
methods using the displacement speed 
such as the G equation



NEGATIVE VALUES OF DISPLACEMENT 
SPEED: VARYING THICKNESS
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BurntFresh

If the flame gets thicker, certain points can have 
negative velocities. This is often seen in DNS

t=t1t=t2 > t1



DNS: displacement speed scatter plot vs 
curvature for the isoline YCH4=0.02
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Inge R. Gran, Tarek Echekki, Jacqueline H. Chen, Negative flame speed in an unsteady 2-D 
premixed flame: A computational study, Symposium (International) on Combustion, Volume 26, 
Issue 1, 1996, Pages 323-329,

Positive 
speeds

Negative 
speeds

s
d

/so
L

The displacement speed is a difficult 
quantity to manipulate. Prefer the 

consumption speed



MCO2 =
4

3
⇡r(t)3⇢2YCO2

dMCO2

dt
= ⇢1scYCO24⇡r(t)

2

SPHERICAL FLAMES: A CASE STUDY. 
ASSUME ZERO FLAME THICKNESS

!108

Ch. 2, Sec 2.7.3

Write mass conservation of CO2

Flux of CO2 produced in the front



dr

dt
=

⇢1
⇢2

sc

sa

SPEEDS IN A SPHERICAL FLAME:

!109

The absolute speed of the flame is much 
larger than the flame speed: this is the 
quantity observed in experiments



WHAT IS THE FLOW SPEED ?

!110

Write global mass conservation  
between r=0 and r=R

u(r=R)



WHAT IS THE DISPLACEMENT SPEED ?

!111

dr

dt
=

⇢1
⇢2

sc

sd = sa � u(R = r) =
dr

dt
� (1� ⇢2

⇢1
)
dr

dt
=

⇢2
⇢1

dr

dt
= sc

PROBLEM:  
1/ HOW CAN WE MEASURE 

u(R=r) ? 
2/ SINCE THE REAL FLAME IS 

NOT THIN, WHERE DO 
MEASURE u ?



IN REAL SPHERICAL FLAMES

❚ MEASURING THE CONSUMPTION SPEED EXPERIMENTALLY 
IS IMPOSSIBLE (NO ACCESS TO REACTION RATE) 

❚ MEASURING THE DISPLACEMENT SPEED IS DIFFICULT: 
ONLY THE ABSOLUTE SPEED (dr/dt) CAN BE MEASURED. 
MODELS ARE THEN NEEDED TO OBTAIN THE 
DISPLACEMENT SPEED.  

❚ SOURCE OF MULTIPLE CONTROVERSIES IN THE PAST (see 
papers by G. Faeth, G. Searby, T. Poinsot, B. Renou, F. Halter)

!112



FINITE THICKNESS

❚ IN ALL PREVIOUS DERIVATIONS OF SPEED, ASSUMED 
THAT THE THICKNESS OF THE FRONT WAS ZERO 

❚ IF IT IS NOT, THINGS BECOME MORE COMPLEX 

❚ IF IT CHANGES WITH TIME (AND THIS IS THE CASE), 
THINGS BECOME VERY COMPLEX...

!113

Ch. 2, Sec 2.7.3



Stretch 

❚ One additional notion is required to understand 
turbulent flames: stretch 

❚ Stretch measures the rate at which the flame area 
increases: 

❚ Intuition tells us that ‘stretching’ a flame must have a 
limit. The flame is affected by stretch (see Williams 
book or Pr Matalon’s course).

!114

 =
1

A

dA

dt



Stretch and premixed flames

!115

S. M. Candel and T. Poinsot. Flame stretch and the balance equation for the 
flame surface area. Combust. Sci. Tech., 70:1-15, 1990.

Strain in the tangent 
plane to the flame

Strain due to flame 
propagation

Displacement 
speed

Front 
curvature

Ch. 2.6



Examples of stretched premixed flames

!116



Evaluations of stretch:

!117

 =
U1 + U2

d
This is an average value: stretch is not constant along the 
flame normal 
Defining flame stretch at the flame location is difficult



Flame stretch in a stagnation point flow:
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Flame thickness



Evaluations of stretch: spherical flames

!119

A = 4⇡r2

Ina spherical flame: 
• Stretch is constant on the flame front 
• Knowing r(t) gives directly stretch

Ch. 2 Sec 2.7



 =
2

t

Spherical flames

❚ To first order, all spherical flames with the same age t are 
submitted to the same stretch ! (independent of the 
flame speed) 

❚ This stretch is very large at small times so that this first 
order approximation is usually wrong. The flame speed 
differs from the unstrained flame speed and this effect 
must be taken into account

!120

dr

dt
=

⇢1
⇢2

sc



Variations of flame speeds with stretch

❚ Premixed flames are affected by stretch. 

❚ Theory can be used to derive the variations of speeds:

!121

Markstein length



Markstein numbers

❚ Markstein lengths are usually normalized by the flame 
thickness: 

❚ Measuring Markstein numbers is extremely difficult... 
❚ But the dependence of premixed flame speeds on stretch 

is not very strong, compared to diffusion flames
!122

Markstein number

Md
a =

Ld
a

� � =
D

s0L

Markstein length

Flame thickness



We do have theories for Markstein 
lengths (Clavin, Matalon)

❚ Markstein lengths can be derived from theory using 
simplifying assumptions (single step chemistry, constant 
Cp) 

❚ They depend on the expression chosen for the variations of 
thermal diffusivity versus temperature 

❚ They are usually expressed as non dimensional numbers 
called Markstein numbers

!123

Markstein number



Matalon’s formula for the Markstein 
length of the displacement speed
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Matalon’s formula for the Markstein 
length of the consumption speed
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The Markstein length changes sign when Lewis is larger or 
smaller than unity



Flame speeds versus stretch: depend 
on the Lewis number of the deficient 
reactant AND on heat losses:
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ADIABATIC Lewis=1
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ADIABATIC Lewis < 1

NON ADIABATIC for most Lewis



OUTLINE

CONSERVATION EQUATIONS FOR REACTING FLOWS 

PREMIXED FLAMES 

DIFFUSION FLAMES 

OTHER FLAMES: PARTIALLY PREMIXED, TRIPLE 
FLAMES

128



DIFFUSION FLAME 
STRUCTURE

!129

The other case where theory can be developed and is heavily used.  
Most approaches rely on passive scalars and on the mixture fraction z.

Ch. 3



WHAT IS A PASSIVE SCALAR ?

❚ A scalar quantity which does NOT have a source term (ie 
not a chemical species or a temperature)

!130

⇥�Z

⇥t
+

⇥�uiZ

⇥xi
=

⇥

⇥xi
(�D

⇥Z

⇥xi
)

Ch. 2 Sec 3.2.1



A USEFUL PROPERTY OF PASSIVE 
SCALARS:

❚ IF TWO PASSIVE SCALARS Z1 and Z2 HAVE THE SAME 
BOUNDARY CONDITIONS: 
❙ IF THEY ARE EQUAL AT t=0, THEY WILL ALWAYS REMAIN EQUAL 
❙ IF THEY DIFFER AT t=0, THEY WILL CONVERGE TO THE SAME 

VALUE AFTER A FEW CHARACTERISTIC TIMES 

❚ DEMO: by considering the norm of (Z2-Z1) OR by intuition
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INTUITIVE DEMO:

!132

⇥�Z

⇥t
+

⇥�uiZ

⇥xi
=

⇥

⇥xi
(�D

⇥Z

⇥xi
)

can also be written: 

where D/Dt is the total derivative (the variations along the 
trajectories)

�
DZ

Dt
=

⇥

⇥xi
(�D

⇥z

⇥xi
)



Consider two passive scalars Z1 and Z2. 
Along trajectories Z=Z2-Z1 changes only 
because of diffusion

❚ with boundary condition: Z=0 
❚ If the initial condition is Z=0, 

all gradients are zero and Z 
will remain 0 

❚ If the initial condition is not 
Z=0, any non-zero fluid 
element will go to Z=0 rapidly. 
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�
DZ

Dt
=

⇥

⇥xi
(�D

⇥z

⇥xi
)



WHAT IS MIXTURE FRACTION ?

❚ A PASSIVE SCALAR WHICH GOES FROM 1 IN THE FUEL 
TO 0 IN OXIDIZER STREAM

!134

⇥�z

⇥t
+

⇥�uiz

⇥xi
=

⇥

⇥xi
(�D

⇥z

⇥xi
)

z=1 z=0

Ch. 3 Sec 3.2.2.

ANY PASSIVE SCALAR GOING FROM 1 IN THE FUEL TO 0 IN 
THE OXIDIZER IS EQUAL TO THE MIXTURE FRACTION



WHAT DOES IT TAKE TO BE ABLE TO 
CONSTRUCT A MIXTURE FRACTION ?

❚ H1: Constant pressure and equal Cpk’s 
❚ H2: All Lewis numbers equal to unity 
❚ H3: Global single step reaction 

❚ So that we can track only T, YF and YO 

!135

Ch. 2 Sec 3.2.1



IN THE ABSENCE OF COMBUSTION : 
PURE MIXING

!136

THREE PASSIVE SCALARS WITH THE SAME EQUATION. 
IF WE CAN NORMALIZE THEM TO HAVE THE SAME 
BOUNDARY CONDITIONS, THEY ARE EQUAL TO  z



/Y 0
F

NORMALIZE THE PASSIVE SCALARS:

!137

/Y 0
0

/(T 0
F � T 0

O)



Z1 = YF /Y
0
F

Z2 = 1� YO/Y
0
O

Z3 = (T � T 0
O)/(T

0
F � T 0

O)

Z1

Z3

THREE SCALED PASSIVE SCALARS:
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THREE PASSIVE SCALARS WITH THE SAME EQUATION 
AND SAME BC: THEY ARE ALL EQUAL TO z

Z1 = Z2 = Z3 = z

FUEL OXI 

1 0

1 0

1 0

Z2
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THE MIXING LINES 
(NO COMBUSTION)

Ch. 2 Sec 3.2.5



INTERPRETATION OF z: A MASS 
WEIGHTED MEASUREMENT OF MIXING

!140

z=1 z=0

At a given point in the chamber: 
• mass coming from stream 1 = m1 
• mass of fuel = m1 YF0 
• mass coming from stream 2 = m2 
• total mass= m1+m2 
• fuel mass fraction YF= m1 YF0/ (m1+m2) 

• mixture fraction z = YF/YF0 = m1/(m1+m2) 



INTERPRETATION OF z:

!141

z=1 z=0

If the mixture fraction at this point at time t is z, it means that 
at this point, in 1 kg of mixture: 
• z kg come from stream 1 
• (1-z) kg come from stream 2 

Careful: this works only if all Lewis numbers are equal

z = m1/(m1+m2)



With combustion, z can also be introduced:

!142

Combining them two by two to eliminate source terms 
and normalizing to have the same boundary conditions 
leads to three  passive scalars with identical bcs: they 
are all equal to the mixture fraction z



The mixture fraction z:

!143

In these expressions, only YF, YO and T are variable.  

All other quantities are fixed: 
- s is the stoichiometric ratio 
- YF0 and YF0 are the fuel and oxidizer inlet mass fractions in 
stream 1 and 2 respectively 
- Q is the heat of reaction per unit mass



How can we use the mixture fraction z ?:

!144

Nice to have a quantity without source term 

But not sufficient. We can compute z in multiple flows but from z 
we cannot obtain T, YF and YO : in the above expressions, we have 
relations for couples of variables but not for individual variables. 

We need additional assumptions: the simplest one is the infinitely 
fast chemistry assumption 



The infinitely fast chemistry assumption
❚ Suppose that kinetics are faster than all flow processes: 

fuel and oxidizer cannot co exist. There will be a ‘fuel’ 
side (YF =0) and an oxidizer side (YO =0) 

❚ That is enough to close the problem. For example, on the 
fuel side: 
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The z diagram 
with infinitely 
fast chemistry 
and unity 
Lewis numbers
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EQUILIBRIUM LINES +  
MIXING LINES (NO 

COMBUSTION)



There are multiple other z diagrams 
of growing complexity

!147
Reversible single step Flamelet strained assumption

Strained flamelet

Ch. 3, Sect 3.5



OK we have T, Yk = f(z). So what ?

❚ What we really want is to have T and all Yk’s as functions 
of time and spatial positions. 

❚ Does z help us ?  

❚ Yes: the introduction of z represents a significant 
simplification as described now:
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Instead of solving: 

Only solve the z equation: 

And read T and Yk in the z  
diagram. We ll use this in 
turbulent flames 
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Z diagram structure: 
T(z) 
YF(z) 
Yo(z)@⇢z

@t

+
@

@xi
(⇢uiz) =

@

@xi

✓
⇢D @z

@xi

◆



Useful properties and 
interpretations of the 
mixture fraction:
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Y 1
F , Y

1
O z1 =

sY 1
F � Y 1

O + Y 0
O

sY 0
F + Y 0

O

z2 =
s(Y 1

F ��Y 1
f )� (Y 1

O � s�Y 1
F ) + Y 0

O

sY 0
F + Y 0

O

= z1

Y 1
F ��Y 1

F , Y
1
O � s�Y 1

F

The mixture fraction z does not change 
through a flame front
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State 1:

State 2:

1 2 z = ct



The z diagram helps to see trajectories: 
MIXING PHASE: First you mix and reach 
a given z...
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Combustion phase: after mixing, you 
burn. And you stop burning when you 
reach the equilibrium lines

!153

z



Possible states: cant be outside the 
triangle limited by equilibrium and 
mixing lines

!154

POSSIBLE STATES



The limits of the z diagram

❚ The concept of splitting the resolution of diffusion flame 
structures in two parts (z diagram and mixing problem) is 
common in many codes and in the post processing of all 
diffusion flames, laminar or turbulent. 

❚ But can we really do this ? can we base all our models 
on z ? let us come back to the assumptions required to 
define a mixture fraction z.
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Equal Lewis numbers ??
❚ Never happens. Lewis numbers are not equal and not equal to 

unity. Lewis numbers measured in a 1D premixed flame
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Alternative definitions for z ?

❚ The literature contains multiple ‘improved’ definitions of 
z (based on elements, or on combination of elements).  

❚ The mixture fraction defined using a single step global 
reaction is of course limited. For H2+1/2O2 -> H2O, 
define a mixture fraction z1: 

❚ We know that this is not a good definition in practice 
since in the real world, we have more than one reaction 

❚ Solution: work on elements (C, H or O) because elements 
are always conserved. Generalized mixture fractions

!157

Ch. 3 Sec 3.6.2



Other mixture fractions:

❚ For example, build a passive scalar on H atom: 

❚ and a mixture fraction from it: 

❚ See Bilger, Barlow, Pope’s papers for other extensions. 
For example in the TNF workshop, Bilger’s definition is:
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zB=



But all mixture fractions are ... different:

❚ Measurements of various mixture fractions (based on C 
and H) in a piloted diffusion flame vs Bilger’s z:
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Alternative definitions for z ?

❚ In the end, ‘there is no such thing as a real mixture 
fraction’ because nothing (species or elements) diffuses 
at the same speed in a multispecies gas. 

❚ This leads to multiple problems in practice since the 
multiple definitions of z lead to z’s which are not equal...
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Last comment on Lewis numbers

When we will discuss turbulent flames, we will see that 
many authors use unity Lewis number assumptions. Why ? 

❚ It seems to work better... 

❚ It may be vaguely justified by  the fact that small scale 
turbulence leads to turbulent transport which dominates 
transport and is the same for all species, thereby justifying 
the equal Lewis number assumption
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Stretch and scalar dissipation

❚ For diffusion flames, stretch is also important 

❚ The effect of stretch is very different in diffusion and 
premixed flames

!162

 =
1

A

dA

dt



Stretch and diffusion flames:

!163

In diffusion flames, flame strain (or stretch) is often replaced by a 
more useful quantity called ‘scalar dissipation’: 

Why ?  
- Scalar dissipation does not depend on the flame orientation (as flame 
stretch does). 
- For simple cases (stretched diffusion flame), stretch and scalar 
dissipation are directly linked.

Ch. 3.2.2



� = s
Y 0
F

Y 0
O

The diffusion flame with infinitely 
fast chemistry:

!164

Scalar dissipation on 
the flame front

Flame stretch

We can work with stretch OR with scalar dissipation
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Diffusion flames are VERY sensitive 
to stretch (or scalar dissipation)
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Ch. 3.4.2

Total fuel consumption in a 
stretched diffusion flame

Flame stretch

When you stretch a diffusion flame, it burns more: we all know we 
must blow on fires...: we just bring them more air 

If you stretch it too much, you can quench it: we also know that 
you should not blow too much on a candle, otherwise you kill it...



Stretching a diffusion flame:
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Ch. 3.5.2Total fuel 
consumption

Scalar dissipation at 
stoichiometric point (χst)

o r
Flame strain (a)

or 
Inverse Damkohler (Da-1)

Infinitely fast chemistry

Finite rate chemistry

Quenching



Implications for turbulent flames:

❚ In turbulent flames, the unsteady velocity field will 
induce strain and therefore stretch:
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Strain in the tangent 
plane to the flame

Strain due to flame 
propagation



In turbulent flames:

❚ We will need to establish a link between the velocity field 
(created by an ensemble of vortices) and flame stretch:
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OUTLINE

CONSERVATION EQUATIONS FOR REACTING FLOWS 

PREMIXED FLAMES 

DIFFUSION FLAMES 

OTHER FLAMES: PARTIALLY PREMIXED, TRIPLE 
FLAMES

170



Are all flames premixed or non-premixed ?

❚ No and two other cases must be 
mentioned: 

❙ triple flames 

❙ partially premixed flames
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TRIPLE FLAMES: THE STRUCTURE WHICH SEPARATES 
IGNITED FROM NON IGNITED DIFFUSION LAYERS

MIXING

COMBUSTION

In	  any	  flame	  where	  you	  inject	  pure	  fuel	  and	  pure	  oxidizer,	  you	  can	  be	  
either	  on	  the	  mixing	  line	  or	  on	  the	  combusFon	  line.	  How	  do	  you	  go	  from	  
one	  to	  the	  other	  ?	  (in	  other	  words:	  how	  do	  you	  ignite	  a	  diffusion	  flame	  ?)

Ch. 6 Sec 6.2.3
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TRIPLE FLAMES: THE STRUCTURE WHICH SEPARATES 
IGNITED FROM NON IGNITED DIFFUSION LAYERS

Oxidizer

Fuel
Diffusion flameRich premixed flame

Lean premixed flame

Premixing zone

Kioni	  flame

Fuel	  

Oxidizer

T T

MIXING	  STATE BURNING	  STATE
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TRIPLE FLAME POINTS IN A z DIAGRAM:

Oxidizer

Fuel
Diffusion flameRich premixed flame

Lean premixed flame

Premixing zone

Infinitely	  
fast	  chemistryMixing	  lines



1/ TRIPLE FLAMES PROPAGATE.  
2/ THEY PROPAGATE FASTER THAN PREMIXED FLAMES

• A TRIPLE FLAME SPEED SCALES LIKE:
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sTriple = s0L

r
⇢1
⇢2

Stoechiometric	  	  
laminar	  flame	  speed

Density	  raFo



Partially premixed flames
❚ Almost noone uses perfectly premixed flames: too dangerous 
❚ And almost noone uses pure diffusion flames: not efficient 
❚ Most flames will be produced in devices where we TRY to mix 

at the last moment to reach premixed conditions but never 
really make it.... Partially premixed flames
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Example: the PRECCINSTA burner (DLR)

!177

PERFECTLY PREMIXED LIMIT


